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1. Introduction 



p ! ■ A classical result of Aleksandrov asserts that convex functions in W are twice differ- 

<^ . entiable a.e., and a first step to prove it is to show that these functions have second order 

distributional derivatives which are measures, see [3, pp. 239-245]. On the Heisenberg 
group, and more generally in Carnot groups, several notions of convexity have been intro- 
duced and compared in [2] and [5], and Ambrosio and Magnani [1, p. 3] ask the natural 
question if a similar result holds in this setting. Recently, these authors proved in [1, 
Theorem 3.9] that BV^ functions on Carnot groups, that is, functions whose second order 
horizontal distributional derivatives are measures of //-bounded variation, have second 
order horizontal derivatives a.e., see Subsection 2.1 below for precise statements and def- 
initions. On the other hand and also recently, Lu, Manfredi and Stroffolini proved that 
if u is an < K-convex function in an open set of the Heisenberg group H 1 in the sense of 
the Definition 2.4 below, then the second order symmetric derivatives {X t XjU + XjXjii)/2, 
i,j = 1,2, are Radon measures [5, Theorem 4.2], where Xj are the Heisenberg vector 
fields defined by (2.1). Their proof is an adaptation of the Euclidean one, it is based 
on the Riesz representation theorem, and it can be carried out in the same way for H". 
However, to prove that "K-convex functions u are BV^, one should show that the non 
symmetric derivatives XjXju are Radon measures. Since the symmetry of the horizontal 
derivatives is essential in the proof of [5, Theorem 4.2], this prevents these authors to 
answer the question of whether or not the class of 'K-convex functions is contained in 

The purpose in this paper is to establish the existence a.e. of second order horizontal 
derivatives for the class of 'H-convex functions in the sense of Definition 2.4. We will 
actually prove the stronger result that every 'H-convex function belongs to the class BV^ 
answering the question posed by Ambrosio and Magnani in the setting of the Heisenberg 
group. In order to do this we use the technique from our work [4] which we shall briefly 
explain. Indeed, following an approach recently used by Trudinger and Wang to study 
Hessian equations [7], we proved in [4] integral estimates in H 1 in terms of the following 
Monge- Ampere type operator: defH(u)+l2(u t ) 2 , see Definition 2.4. We first established, 
by means of integration by parts, a comparison principle for smooth functions, and then 
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extended this principle to "cones". Together with the geometry in H 1 , this leads to an 
Aleksandrov type maximum principle [4, Theorem 5.5]. Moreover, in [4, Proposition 
6.2] we proved an the estimate of the oscillation of 'H-convex functions. This estimate 
furnishes L 2 estimates of the Lie bracket X 2 ]u = -4d t u of *H-convex functions on H 1 
and permits to fill the gap between the results in [5, Theorem 4.2] and [1, Theorem 3.9], 
and to prove that 

[X it Xj]u (XjXj + XjXdu .. 
XiXju = + , i,j= 1, 2, 

are Radon measures. 

Following the route just described in H 1 , in this paper we introduce in H n the operator 
(T2^H{u)) + I2nuj, where <x 2 is the second elementary symmetric function of the eigen- 
values of the matrix < H{u), we define the notion of <x 2 CH)-convex function related to this 
operator, and as a main tool we establish a comparison principle for cr 2 CH)-convex func- 
tions, see Definition 2.5 and Theorem 3.1. In this frame, we next establish an oscillation 
estimate, Proposition 4.2, which yields as a byproduct L 2 estimates of d t u in HP for a class 
of functions bigger than the class of TY-convex functions. We apply these estimates to 
obtain that the class of "H-convex functions is contained in BV^, and as a corollary of [1, 
Theorem 3.9] it follows that 'H-convex functions have horizontal second derivatives a.e. 

The paper is organized as follows. Section 2 contains preliminaries about H", BVu 
functions, and the definitions of "H-convexity and o- 2 CH)-convexity. In Section 3 we 
prove a comparison principle for C 2 functions. Section 4 contains the oscillation esti- 
mate and the construction of the analogue Monge-Ampere measures for cr 2 CK)-convex 
functions. Finally, in Section 5 we prove Aleksandrov's type differentiability theorem for 
'H-convex functions in H". 

Acknowledgements. We are greatly indebted to Bianca Stroffolini for some useful dis- 
cussions. 

At the Workshop on Second Order Subelliptic Equations and Applications, Cortona 
June 2003, we learnt from Nicola Garofalo that in a joint paper with Federico Tournier, 
they extended to higher dimensions the Aleksandrov type maximum principle proved by 
us in [4, Theorem 5.5] for 'H-convex functions in H 1 . 

2. Preliminaries, *H-convexity and ct 2 ('K)-convexity 

Let £ = (x, y, t), £ = (x , y , t ) e R n x R n x R, and if x = (xi , . . . , x n ), y = (y u . . . , y n ), 
then x-y = Y!}=\ x j}>j- The Lie algebra of H n is spanned by the left-invariant vector fields 

(2.1) Xj = d Xj +2yjd t , X n+j = d yj -2xjd t for; = 1, . . .n. 

We have [Xj,X n+j ] = XjX n+j - X n+j Xj = -Ad t for every j = l,...n, and [Xj,Xi] = 
XjXi - XiXj = for every i ^ n + j. If £ = (-^o^o^oX then the non-commutative 
multiplication law in H" is given by 

£o°£ = (xo + x,y Q + y, t + t + 2{x ■ y - y • x )), 
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and we have £ 1 = (£ ° 1 = £ 1 ° £ 1 • In H" we define the gauge function 

p({) = ((\x\ 2 + \y\ 2 ) 2 + t 2 f\ 

and the distance 

(2.2) J(^o)=p(£o lo £>- 

The group W has a family of dilations that are the group homomorphisms, given by 

6 A (& = (Ax,Ay,A 2 t) 

for A > 0. Then 

For more details about H" see [6, Chapters XII and XIII]. 

2.1. 5V e functions. For convenience of the reader, we collect here some definitions and 
a result from Ambrosio and Magnani [1] particularized to the Heisenberg group that will 
be used in the proof of Theorem 5.1. 

We identify the vector field Xj with the vector (ej, , 2yj) in R 2n+1 for j = 1, • • • , n, and 

with the vector (0 , ej, -2xj) for j = n + 1, • • • , In. Here ej is the jth-coordinate vector 

in R" and is the zero vector in R". Given £ = (x,y, t) e R 2n+1 , with this identification 
we let {Xj(Jz)}^jL\ t> e the vectors with origin at £ and set = span{Xy(£)}. The set is 
a hyperplane in R 2,,+1 . Given Q c R 2,,+1 we set HQ. = U fen % Consider T cA (HQ.) the 
class functions cf) : Q, —> R 2n+1 , <p = zZjli 4>jXj that are smooth and with compact support 
contained in Q, and denote by ||0|| = sup fen Hjli \<t>M)\- 

Definition 2.1. We say that the function u e L l (Q) is of H -bounded variation if 



I u div x 
Jn 



sup\ j udi\ X (pdx : <p e T cX (HQ), \\<f)\\ < 1 \ < oo, 

where div^ = Xi=i The class of these functions is denoted by 5Vn(£X). 

Definition 2.2. Let k > 2. The function u : Q —* R has H-bounded k variation if the 
distributional derivatives Xju, j = 1, • • • , 2n are representable by functions of H-bounded 
k- 1 variation. Ifk = 1, then u has H-bounded 1 variation ifu is of H-bounded variation. 
The class of functions with H-bounded k variation is denoted by BV^(Q). 

Theorem 2.3 (Ambrosio and Magnani [1], Theorem 3.9). Ifue BV^(£l), then for a.e. £ 
in Q. there exists a polynomial Ptf ](£) with homogeneous degree < 2 such that 

limi f K£)-P [fo] (£)|^ = 0, 

where U^ r is the ball centered at £ with radius r in the metric generated by the vector 
fields Xp and 

( ( In \ \ 



exp 



njXj + i]2n + dX l ,X 2 ] (ft) = Y Ca rf 



vy=i 



H<2 
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with a = (a u ..., a 2n+ i), c a e R, r] a = rf x l ■ ■ ■ rf^[ and \a\ = 2Z% (*j + 2q- 2 „ + i. * 

2.2. 'H-convexity and cr 2 CH)-convexity. For a C 2 function u, let X 2 u denote the non 
symmetric matrix [X t Xju]. Given c e C and u e C 2 (Q), let 



On In 

-L a, 



< H c {u) = X u + cu, 

Definition 2.4. The function u e C 2 (Q) is 'H-convex in Q if the 2n x 2n symmetric matrix 

<H(u) = <H 2 (u) 
is positive semidefinite in Q. 



XiXju + XjXiU 



Notice that the matrix H^u) is symmetric if and only if c = 2. Also, if CH c (u)^, £) > 
for all f e R 2 " and for some c, then this quadratic form is nonnegative for all values of 
c e R. 

Definition 2.5. The function u e C 2 (Q) is a 2 ^H)-convex in Q. if 

(1) the trace of the symmetric matrix Ti(u) is non negative, 

(2) the second elementary symmetric function in the eigenvalues ofH(u) 

fXiXju + XjXiu] 2 ) 



2 u 



o- 2 CH(u)) = J]\xfuXj 
is non negative. 

We extend the definition of cr 2 CK)-convexity to continuous functions. 

Definition 2.6. The function u e C(Q) is cr 2 l ^H)-convex in Q. if there exists a sequence 
Uk e C 2 (Q.) of cr 2 {'H)-convex functions in Q. such that ut —* u uniformly on compact 
subsets ofQ. 

Remark 2.7. If u is "H-convex, then it is <T2CH)-convex. The two definitions are equiv- 
alent in H 1 . Moreover, from [2, Theorem 5.11] we have that if u is convex in the standard 

sense, then u is 'H-convex. However, the gauge function p(x, y, t) = {(]x\ 2 + \y\ 2 ) 2 + t 2 } 
is *H-convex but is not convex in the standard sense. 

3. Comparison Principle 

A crucial step in the proof of Aleksandrov's type theorem, Theorem 5.1, is the follow- 
ing comparison principle for C 2 and o^CHj-convex functions. 

Theorem 3.1. Let u, v e C 2 (£l) such that u + v is cr 2 {'Tl)-convex in Q. satisfying v = u on 
dQ and v < u in Q. Then 

J {o- 2 (<H(u))+ 12 n (d t u) 2 } dz< J [<r 2 ( < H(v))+ 12 n (d t v) 2 } dz, 



*We can explicitly compute r] = (x - xq, y - yo, (to - t + 2(x ■ yo - y ■ xo))/4) by solving the ODE 
? = exp rjjXj + mn+1 [X! , X 2 ]) (ft). 



ON THE SECOND ORDER DERIVATIVES OF CONVEX FUNCTIONS ON THE HEISENBERG GROUP 5 



and 

f trace 9i(u)dz< I trace ( H{v)dz. 
Jn Jn 

Proof. By arguing as in [4], set 



S(u) = o- 2 (<H(u)) = |j \^uX)u - ( 2 j j 



XiXju + XjXtu 
We have, by putting r, 7 = — 



(3 - 3) ^- = z, x i M 



2 

dS(u) ^ v2 dS<» (XfXj+XjXi 



Or-,-, ^—i 1 (if;; 



u, 



and it is a standard fact that if u is cr 2 ('K)-convex, then the matrix is non negative 

dr u 

definite, see Section 6 for a proof. Let < s < 1 and (p(s) = S(v + sw), w = u-v. Then 

f {S(u)-S(v)}dz 
Jn 

= I I (p'(s)dzds 
Jo Jn 

=i7jjf- ( " + ™ )<x ^ d * 



+ sw) Xjw | - X t | ^— (f + sw) | J> <iz<is 



= A-B. 



Xw 

Since w = on 5f2, w > in Q, then the normal to 5f2 is v x = —. Integrating by 

\Dw\ 

parts A we have 

- - i ( ' f. i 

+ sw) I Xjw dzds 



Jo Jan^\dr i7 



2n 

/ tl.\ 

+ sw) I Xjw v Xi do~(z)ds 



XiW 



- f f y (— ( 

Jo Jan^\dr i7 U 



+ sw) X/w - -da(z)ds 

' ' |Dw| 



2 " / dS \ X iW 

)Xjw\-^-do-(z)<0. 
/ \Dw\ 
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We now calculate B. Let us remark that for any fixed j = 1, . . . ,2n by (3.3) we have 



Ms- 



,/,/ 



= x ; 



( \ j 



XiXjco + XjXiCO 



([Xj,Xi]Xi(o [XjtXAXiO) XilXj^o) 



+ 



+ 



Xi[Xj,Xi]co 



3 if j < n 

2 1 Xj_ n [Xj, Xj_ n ~\u), if j > n, 
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where, in the last two equalities, we have used the remarkable fact that [X h [Xj,X k ]] = 
for every i,j,k= l,...,2n, and [Xj, X { ] ± iff i = j + n. Hence, 

>1 p 2n 

B= \ I y XA j--(v + sw) I Xjw dzds 



>1 r 2,1 

+ 

' j=n+l 

»1 n In 



= 2 J J Zj X J +n ^ X J' X J+n\( v + sw)Xjw dzds 

+ o I I YXj-n[Xj,Xj-n\(v + sw)Xjwdzds 

3 f*^ f* \ n ~\ 

3 rt ^ 

~ 2 J J Z_j^ X j' X J +n ^ v + sw)X j+n Xjwdzds 

~o I I J! [X j ,Xj_ n \(v + sw)X j _ n X j wdzds 
= \ X J 2j ( _4<5 ^ + ™0*/ w ) **** 

- Y X,_„ Ud t {v + sw)X jW } dzds 

3 

~o I I 2 [X 7 -,X 7 _ n ](y + 5w)X ; _„X ; W(iz(i5 

= 1 X X ^ i -4 ^ + dzds 

~\ § J ^[Xj> x j+n\(v + sw)X j+n Xjwdzds 
IH± X J [ 4d >( v + ^)X n+j w) dzds 

~ ^ X X jL^ 3 ^ Xj ^ v + sw "> x j x j+" w dzds 



•1 r In 

+ 

.1 

■ y=rc+l 

»1 ,~ « 



ON THE SECOND ORDER DERIVATIVES OF CONVEX FUNCTIONS ON THE HEISENBERG GROUP 8 



3 C C \ i 

= n I X ~4d t (v + sw)Xjw v Xj+n dcr(z)ds 
L Jo Jaa. j-f 

~ \ \ \ y^\ x p x j+n\(v + sw)X j+n Xjwdzds 
1 Jo Jn ~^ 

+ I f f X 4<5 ^ + ■ yw ) x n+j w dcr{z)ds 
1 Jo Jan ^ 

-I f f y.[X j+n ,Xj](v + sw)XjX j+n wdzds 

1 JO Jn y~f 

= \ f f X - 4 <^( y + sw)A> v x . + „ do-(z)ds 
L Jo Jan ^-j* 

-If f y.[^,X 7+ „](i; + sw)[X 7+ „,X 7 ]w(iz(i5 
^ Jo Jn ~^ 

+ I f I X 4<5 ^ + Vx ; dcr{z)ds 

^ Jo Jan ~7 

^ Jo Jn 

= ^ f f (4^ ( )(„ + sw)(4d ( )w dzds = 24n [ f (d t v + sd t w)d t wdzds 
2 Jo Jn Jo Jn 

= Un [ {{d t uf -(d t v) 2 }dz. 
Jn 

This completes the proof of the first inequality of the theorem. The proof of the second 
one is similar. 

□ 

4. Oscillation estimate and ct 2 ("H)-Measures 

In this section we prove that if u is <x 2 CH)-convex, we can locally control the integral 
of a 2 { f H){u) + 12 n (a,) 2 in terms of the oscillation of u. This estimate will be crucial for 
the L 2 estimate of d t u. 

Let us start with a lemma on cr 2 CK)-convex functions. 

Lemma 4.1. Ifu\,u,2 e C 2 (f2) are cr 2 ( ( H)-convex, and f is convex in R 2 and nondecreas- 
ing in each variable, then the composite function w = f{u\, u 2 ) is cr 2 {^H)-convex. 



Proof. Assume first that / e C 2 (R 2 ). We have 
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and for every h = {hi, h 2 ) e 

2n 

(<H{w)h,h) = VXiXjwhihj 



^(df ^ d 2 f 

p=l V ' q=i H > 

S>2 



Since the trace and the second elementary symmetric function of the eigenvalues of the 

df 

dU r 



matrix ^HiUp) are non negative, - — > for p = 1,2, and the matrix 



d 2 f 



du q du p/pq=l2 

is non negative definite, it follows that w is cr 2 CK)-convex. 
If / is only continuous, then given h > let 

f h {x) = h~ 2 ^yl^pjf(y)dy, 

where <p e C°° is nonnegative vanishing outside the unit ball of R 2 , and f (p = 1. Since 
/ is convex, then f h is convex and by the previous calculation Wh = fh{u\,u 2 ) is cr 2 
convex. Since w h — > w uniformly on compact sets as h — > 0, we get that w is o- 2 { ( H)- 
convex. □ 

Proposition 4.2. Let u e C 2 (Q) be o~ 2 {y-t)-convex. For any compact domain Q! <s Q 
there exists a positive constant C depending on Q! and Q. and independent ofu, such that 

(4.4) f {o- 2 {<H{u)) + \2n{u t ) 2 }dz< C(osc n u) 2 . 



Proof. Given g e Q. let B R = B R (^ ) be a J-ball of radius R and center at £o such that 
B R c Q,. Let be the concentric ball of radius crR, with < cr < 1. Without loss 
of generality we can assume £ = 0, because the vector fields Xj are left invariant with 
respect to the group of translations. Let M = max BR u, then u - M < in B R . Given e > 
we shall work with the function u-M-s < -s. In other words, by subtracting a constant, 
we may assume u < -s in B R , for each given positive constant e which will tend to zero 
at the end of the proof. 
Define 



and 



m = inf u, 

Br 
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and v < m in Bo- R . Indeed, setting r = ||£|| 4 , h(r) = — — ^ — -(R 4 - r), and following the 

(1 - cn)R 4 

<r 2 {'H{v)) = cM + bf) 2 L W V n J ^ 0, 



Obviously v = on dB R and v = m on dB^. We claim that v is (^("T^-convex in B R 
and f < m in Ba- R . Indeed, setting r = ||£|| 4 , h(r) = — — 
calculations in the proof of [4, Proposition 6.2] we get 

m 

with c n a positive constant and 

trace (<H(v)) = -(8n + 4) (\x\ 2 + \y\ 2 ) ^^ > 0, 

because m is negative. Hence v is cr 2 ("H)-convex in B R . Since v - m = on 55^, it 
follows from [4, Proposition 5.1] that v < m in i?^. In particular, v < u in 5^. 

Let p e C^°(R 2 ), radial with support in the Euclidean unit ball, J R2 p(x) dx = 1, and let 



(4.5) fh(X[,x 2 ) = h p((x-y)/h) max{y u y 2 }dy 1 dy 2 . 
Define 

w h = f h (u, v). 

From Lemma 4.1 w h is cr 2 (TYVconvex in B R . If y e B^ then v(y) < u(y). If v(y) < u(y) 
then f h (u, v)(y) = u(y) for h sufficiently small; and if viy) = u(y), then f h (u, v)(y) 
//( v i + a/z. Hence 

f {o- 2 CH( M )) + 12n(<9 fM ) 2 }<fe = f N^(w*))+ 12 n((w h ) t ) 2 }dz 

(4.6) < f {cr 2 CH(^)) + 12n((^) f ) 2 }Jz. 

Now notice that //,(w, u) > u in B R for all /z sufficiently small. In addition, u < and i> = 
on dB R so //,(«, v) = on Then we can apply Theorem 3.1 to Wh and u to get 



f 1^%))+ 12n(c^) 2 }<fe< f {<r 2 CH(v)) + nn(v t ) 2 }dz 
Jbr Jb r 

f (c n (\x\ 2 + \y\ 2 r+48nr)dz 



m I I - '2 , ,.,2x2 , 



2 

/?? ° ] R 2 " 2 I (c n (\x\ 2 + \y\ 2 ) 2 +ASnt 2 )dz. 



f (c„( 



Combining this inequality with (4.6) we get 

{o- 2 CH(m)) + 12n(d f w) 2 } dz < C(m ) 2 R 2n ' 2 < C R 2 "- 2 (osc Br u + sf, 
and then (4.4) follows letting s —> and covering Q' with balls. 
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Corollary 4.3. Let u e C 2 (Q) be o- 2 (9i)-convex. For any compact domain fl'gfl there 
exists a positive constant C, independent ofu, such that 

(4.7) f o- 2 CH(u))dz<C(osc n u) 2 R 2n - 2 , 

Jn' 

and 

(4.8) f {d t uf dz < C(osc n u) 2 R 2n ~ : 

Jn' 



Corollary 4.4. Let u e C 2 (Q) be o- 2 {'H)-convex. For any compact domain fl'gfl there 
exists a positive constant C, independent ofu, such that 

(4.9) I trace 7Y 2 (w) dz < CR 2n osc n u. 



4.1. Measure generated by a <x 2 CH)-convex function. We shall prove that the notion 
/ o- 2 CH(u)) + 12 n u 2 can be extended for continuous and <x 2 CH)-convex functions as a 
Borel measure. We call this measure the cr 2 CK)-measure associated with u, and we shall 
show that the map u e C(Q.) —> p,{u) is weakly continuous on C(Q,). 

Theorem 4.5. Given a cr 2 {9i)-convex function u e C(Q), there exists a unique Borel 
measure fi(u) such that when u e C 2 (£X) we have 



(4.10) n(u)(E) = J {o- 2 (H(u)) + 12 nuf}dz 

for any Borel set E c Q. Moreover, if uu e C(Q) are cr 2 ^H)-convex, and uu — > u on 
compact subsets ofQ, then p{uu) converges weakly to fi(u), that is, 

(4.11) f fd M (u k )^ [ fdfi(u), 

Jn Jn 

for any f e C(Q) with compact support in Q. 

Proof. Let u e C(Q.) be cr 2 CH)-convex, and let [u k \ c C 2 {€l) be a sequence of cr 2 ( < H)- 
convex functions converging to u uniformly on compacts of Q.. By Proposition 4.2 



/ 

Jn' 



{o- 2 CH(u k )) + \2n{d t u k ) l }dz 

)a.' 

are uniformly bounded, for every Q! <s Q., and hence a subsequence of (o- 2 (9i(u k )) + 
\2n(d t u k ) 2 ) converges weakly in the sense of measures to a Borel measure p{u) on Q. 
Moreover, by the same argument used in the proof of [4, Theorem 6.5] the map u e 
C(Q.) — > p.{u) e M(Cl), the space of finite Borel measures on Q,, is well defined. 

To prove (4.11), we first claim that it holds when u k e C 2 (Q,). Indeed, let u km be an 
arbitrary subsequence of u k , so u km — > u locally uniformly as m — » oo. By definition of 
p(u), there is a subsequence u km , such that p(u km ^ p.{u) weakly as j — > oo. Therefore, 
given / e C (Q), the sequence J n fd/j,(u k ) and an arbitrary subsequence f f dp(u km ), 
there exists a subsequence f f dfj.(u km ) converging to J Q fdp(u) as j —> oo and (4.11) 
follows. For the general case, given k take u k j e C 2 (Cl) such that u k . — > locally uniformly 
as j oo, and then argue as in the proof of [4, Theorem 6.5]. □ 
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Corollary 4.6. Ifu e C(Q) is o- 2 {'H)-convex in Q., then fi(u) is a Radon measure. 

Proof. The measure jx(u) is Borel regular, see [3, p. 4-5] for definitions. Indeed, given 
A c R 2n+1 there exists open sets V k such that A c V k and fi(u)(V k ) < fi(u)(A) + l/k for all 
k. Thus, n(u)(A) = /d(u)(r)™V k ). Finally, the estimate (4.4) implies that fi(u)(K) < oo for 
all compact K. Hence, ju(m) is a Radon measure. □ 

Corollary 4.7. Ifu,ve C(Q) are o~2( ( H)-convex in Q, u = v on dQ. and u > v in Q, then 

By arguing as in [4, Theorem 6.7] we also get the following comparison principle for 
o^C^O-measures. 

Theorem 4.8. Let Q. c K 3 be an open bounded set. Ifu,ve C(Cl) are o~ 2 ( ( H)-convex in 
Q, u < v on dQ. and fi(u)(E) > fx(v)(E)for each E c Q. Borel set, then u < v in Q. 

5. Aleksandrov-type differentiability theorem for 'K-convex functions 

As an application of our previous results we finally have the following main theorem. 

Theorem 5.1. Ifu is H-convex, then u e BV^ and so the distributional derivatives X t Xju 
exist a.e. for every i, j = 1, . . . , In. 

Proof. If u is "H-convex, then by [5, Theorem 3.1] u is locally Lipschitz continuous with 
respect to the distance d defined in (2.2), and X t u exists a.e. for i = l,...,2n. Moreover, 
by [5, Theorem 4.2] there is a Radon measure dv ,j such that, in the sense of distributions 

X t XjU + XjXiu 



= dv lJ , i,j =l,...,2n. 



2 



On the other hand, since u is continuous and ^("K^convex, then by (4.8) d t u is in L loc 
Let K e a, (p = £5=1 (pjXj e C 2 (Q, R 2n+1 ), with compact support in K, \\<f>\\ < 1. Since 

XiXj + XjXi + [X h XA XtXj + X;Xi 
X,X, - -L^J — = -L^ ± 2 W„ 

then for any / = 1 , . . . , 2n 

J X t u divx (<p)dz = - I u Xj div x {<p)dz 
a Jn 



2n 

uXiXjipjdz 



2n n 



j=i - n 

2n 



(5 12 ) = - 2j J n u [ 2 2 Si,*ndt<Pjj dz 

2n ~ 2n ~ 

= V I (pjdv' ] + 2 V S j+nj I u d t (pjdz 
jrf Jn jrf Jn 

2n 2n „ 

<yy'W + 2V5 Mi I udrfjdz. 
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Now, let u s be the horizontal mollification of the function u as in the proof of [5, Theorem 
4.2]. Then u E is 'K-convex and 



I u s d t (pjdz = J d t u E <pjdz 



< c\\d t u £ \\ L 2 {K) < C, 



where c, C are positive constants depending on the diameter of K and on the oscillation 
of u over K, but independent of s. Letting s tend to zero, we get 



(5.13) 



Jud t (pjdz 
n 



< C. 



Thus, by (5.12) and (5.13) we can conclude that 



J, 2n 
X t u div x ((f>)dz < V v ij (K) + C < 



Hence, u G BV^ and the result then follows from Theorem 2.3. 



6. Appendix 



Let A be an n x « symmetric matrix with eigenvalues /li, • • • ,/l ra , and the second elementary 
symmetric function 

cr 2 (A) = s(A) = Y j A j A k 

with A - (Ai, . . . ,A n ). An easy calculation shows that 

ds v~ ' 



and 
(6.14) 



*0 = 5 



2> -5>5 



3j 



Lemma 6.1. 7f cr 2 (A) > ara<i trace(A) > 0, then - — (A) > Ofor every j = 1, . . . ,n 



Proof. Since 



dAi 



ds 

trace(A) - —(A) + Aj > 0, 



ds 



then either /l y > or — (A) > 0. If Aj > 0, since s(A) > 0, then by (6. 14) 

dAj 



\l/2 



2 

U=l / 



and we get 



3 
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Proposition 6.2. If cr 2 (A) > and trace(A) > 0, then 

i,j=\ J 

for every x £ W. 

Proof. Let C be a non negative definite Hermitian matrix. We write 

cr 2 (A + C) - cr 2 (A) = 5(771, . . . , Tl„) - s(A U ...,A n ) 

where 771, . . . , r\ n are the eigenvalues of A + C. Since C > 0, then rjj > Aj, for any j e {1, . . . , «}. 

1 f <9s 1 

Moreover, by Lemma 6.1, 6 - 6{A) - - min < (A\, . . . , /i ra ) : 7 = 1, . . . , n > > 0. If C is small 

2 1 at,- J 

enough, then 

o- 2 {A + C)-o- 2 {A)= —s(A + T(T]-A))dT 

Jo «t 

g r\ 

""-(A + Tirj-A^dTirjj-Aj) 



=y f -( 

^ Jo <?V 



> 5^(77j - /1 7 ) = 5(trace(A + C) - trace(A)) 

= 6 trace(C) > 0. 
Let us now apply this inequality to the matrix 

C = tx- x T = t(xiXj), x e R", 
and t > small enough. We obtain 

(6.15) cr 2 (A + tx ■ x T ) - cr 2 (A) > 5 trace (C) = 6t\x\ 2 . 



On the other hand 



Then, from (6.15) we get 



d T v— \ (3<t 2 

— o- 2 (A + tx ■ x ) |, =0 = 2_j ~Q a ~( A " >XiX i- 



,j=i —J 



(6.16) V -p^(A)xiXj > 6\x\ 2 > 0, Vx e R". 

(,7=1 J 
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